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Abstract 

This paper is devoted to inequalities of Lieb-Thirring type. Let V be a nonnegative 
potential such that the corresponding Schrddinger operator has an unbounded sequence 
of eigenvalues {Xi{V))i^^* . We prove that there exists a positive constant C{j), such 
that, if J > d/2, then 

E [A.(^)]"^<C(7) / Vi-^dx (*) 

and determine the optimal value of C^j). Such an inequality is interesting for studying 
the stability of mixed states with occupation numbers. 

We show how the infimum of Ai(V)''' • /jj^ dx on all possible potentials V, 

which is a lower bound for [C{j)]~^, corresponds to the optimal constant of a subfam- 
ily of Gagliardo-Nirenberg inequalities. This explains how (*) is related to the usual 
Lieb-Thirring inequality and why all Lieb-Thirring type inequalities can be seen as 
generalizations of the Gagliardo-Nirenberg inequalities for systems of functions with 
occupation numbers taken into account. 

We also state a more general inequality of Lieb-Thirring type 

y2F{X,iV))^Ti-[Fi^A + V)]< [ GiVix))dx (**) 



iGN* 



where F and G are appropriately related. As a special case corresponding to F[s) = 
e~^, is equivalent to an optimal cuclidcan logarithmic Sobolcv inequality 

I p log pdx+'^ log(47r) / pdx <y^Vi \ogVi + / iV-f/'iP dx 

where p = X^jgn* I'/'il^; (t'i)ieN* is any nonnegative sequence of occupation numbers 
and (fAOiGN* is any sequence of orthonormal L^(]R'*) functions. 
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1 Introduction 

Licb-Thirring type inequalities are well known in the context of the stability of matter 
in quantum mechanics. Let h ~ h/2TT > and m > be respectively Planck's constant 
and the mass constant. Given a smooth bounded nonpositive potential V on M.'^, if we 
denote by 

MV) < A2(y) < XsiV) <... XNiV) < 
the finite sequence of all negative eigenvalues of the Schrodinger operator 

Hv = - — A + V, 
2m 

then it is possible to bound the sum 

Er=il^»(^)r in terms of |lV^||i ■,+d/2md) whatever 

N is. The inequality 



|A.(y)r < Clt(7) / l^r+^ dx (1) 



N 

El 

1=1 

is known as the Licb-Thirring inequality. Here we denote by Clt(7) the smallest 
possible positive constant which is independent of V. For 7=1, the sum X^iLi l^ilV^)! 
is the complete ionization energy, which is the physically relevant quantity for studying 
the stability of matter. Considerable efforts have been made to understand further the 
Lieb-Thirring inequality and in particular to find the optimal value of Clt(7)- Up to 
now a few facts about the sharp constant in the Lieb-Thirring inequality are known. 
It was proved in for d = 1 and later generalized to arbitrary d in that for 
7 > 3/2 the sharp constant is given by the semiclassical constant, i.e. the constant 
corresponding to the limit problem when letting ?i — > 0, after an appropriate scaling. 
Among many other open problems, the Licb-Thirring conjecture asserts that in d = 1 

Clt(7) = C«(7):= inf ''^I^J^ ■ 

V <0 

This has been worked out for the case 7 = 1/2 in EJ- Also see [Bl [1711^1^0171 1^^5 ] 

for further results on 

What we study in this note is a somewhat different problem, where V is a non- 
negative, unbounded potential on M'', such that the eigenvalues of Hy form a positive 
unbounded nondecreasing sequence (Ai(y))jgN. . Our main result is the 

Theorem 1 For any 7 > d/2, d G N*, and for any nonnegative V G C°°(M'^) such 
that e L^R"^), 

<cij) I vi-^dx. (2) 

The value oj the sharp constant C(7) is given by the Weyl asymptotics, i.e. by its value 
in the semiclassical limit: 



( m ^rf/2 r(7-d/2) 

= i2^J r(7) 
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Although the result is quite simple and arises as an immediate consequence of the 
Golden and Thompson inequality, it is to our knowledge new. Some partial estimates 
have been obtained in |S] in case of quadratic potentials. We refer to [3 I31L I23L [T^ 
for earlier results in this direction. The semiclassical formula stems from prescribing 
h^'- phase space volume to each bound state of the Schrodinger operator. Using this 
heuristics, we can estimate the series by 



which is easily seen to yield the right hand side of If one considers /i as a parameter, 
then as h gets small the two sides in the above relation are asymptotically the same. A 
rigorous proof of this fact relies on the Weyl asymptotics, that we will establish later 
in this paper for a specific potential V . 

We may notice that all physical constants can be adimensionalized. A simple scaling 
indeed shows that for any i G N*, 



From now on, we assume for simplicity that ?i=l,m = l/2. 

Theorem ^ is motivated by the study of the dynamical stability of mixed states 
with respect to minimizcrs of variational problems with temperature in quantum me- 
chanics. Inequality JQ) appears in the context of atomic and molecular physics, where 
it is natural to consider isolated systems for which the potential V is asymptotically 
zero at infinity. Computing the full ionization energy is then a completely relevant 
question. Requiring that V grows at infinity makes sense in a different context, e.g., in 
solid state physics, where the potential is not necessarily created by the system under 
consideration itself, but can be imposed by external devices (for instance a doping pro- 
file) or by a given electrostatic field (applied voltage). In that case, collective effects 
are fundamental and it is interesting to investigate how mixed states converge in a 
semi-classical limit to a classical system. At the kinetic level, the behavior of the clas- 
sical system is now reasonably well understood. For instance one knows in which sense 
special stationary solutions are stable, see 01 [S]. At the quantum level, many particle 
systems are not so well understood. A first attempt in this direction has been made 
in |29| . in a nonlinear case, but the result relies on a rather weak notion of stability 
and the exchange term is neglected. For a linear system, wc will see in Section [S] that 
an appropriate functional for studying the stability of a mixed state, i.e. a sequence 
(i/j'j/j) = (i^i, )igN* S K+ X (L^(IR'^))^ made of nonnegative ordered occupation 
numbers Vi and wave functions tpi , is the free energy functional 



where /? is a given convex function on R-|_ . Under the constraints 

(V'i, i/'j)L2(Rd) = 5ij V i, j e N* , 

the functional T has a minimizer made of the sequence ■ip = ('0i)igN* of the eigenfunc- 
tions counted with multiplicity, and the sequence v = (i^i)igN* of occupation numbers 
given in terms of the eigenvalues by 




so that in 0, 
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However, such considerations are purely formal as long as we dont prove that ^[i', t/'] is 
finite at least for the formal minimizer (i/, tj}) = (i>, ■0). Such a property is a condition 
on both j3 and V . In case 

-(1 -m)'"-im-"V" ifz/>0, 
P{v) = { and TO e (0, 1) , (3) 

f oo if < , 



and with 7 = i for a-ny i G N* , we obtain 

1 — TO 

m) + ^^ K{V) = {(3 o (/3')-^) (-A.(y)) + (/?')-\-A.(y)) K{V) ^ - [K{V)]-^ . 

The free energy is well defined at least for the optimal mixed state if the scries 

[/3(t'i) + ViXiiy)] converges, which amounts to require that X^ign* 
is finite. A sufficient condition is therefore given by Theorem ^ 

Section |2 is devoted to a proof of Theorem ^ based on the inequality of Golden 
and Thomson (Theorem . Wc also state a more general result in Theorem O The 
notion of dynamic stability will be explained in Section |31 and illustrated by several 
examples. In Section |2| we will come back to the constant Clt(7) which appears in 
the Lieb-Thirring conjecture and prove that it is related to the best constant in some 
special Gagliardo-Nirenberg inequalities in the standard case corresponding to y < 0. 
Such a result is not new, but we also prove that a similar result holds in the case y > 
(case of Theorem^, which is apparently new. We also relate a limiting case to the 
euclidean logarithmic Sobolev inequality. In Section |31 we show in which sense Lieb- 
Thirring type inequalities can be seen as generalizations of the Gagliardo-Nirenberg 
inequalities to systems. This extends to systems of orthonormal functions what has 
been observed in Sections |4.1l and r4.2l We formulate optimal inequalities in an abstract 
framework and apply the result to the standard case fGorollarv ll6|l . to the framework 
of Theoremin fCorollarv [T7|l and to a limiting case which provides an optimal inequality 
of logarithmic Sobolev type for systems. Optimal constants are expressed in terms of 
the optimal constants for Lieb-Thirring type inequalities. 



2 Proof of Theorem [T] 

The proof of Theorem ^ is straightforward. It relies on a change of variables in the 
definition of the F function and the following inequality due to Golden and Thomp- 
son ^1 12H1 ■ See [331 for an introduction to such methods and a proof based on 
the Feynman-Kac formula. Here we adopt the presentation of [3^1 as stated in |35j . 
Theorem 9.2, p. 94. 

Theorem 2 |3f>l I35j Let V he in L\^^{W^) and hounded from below. Assume moreover 
that e"*^ is in L'^{R'^) for anyt>0. Then 

Tr(e-*(-^+^)) < (471^-^ / e-^^'^^Ux . (4) 

Proof. For completeness, we give an elementary proof of this result. We do not claim 
originality here and we give this result only for the convenience of the reader. 
Consider the Green function G of the heat equation: 

G{x,t) :== {Anty^ e^~ . 

We will then write 

w(-,t) = e*^/:= G(-,t)*/ 
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if M is a solution of ut = Ait with initial data u(-,t = 0) = /. By Trotter's formula, 
g-t(-A+y) -g obtained as the strong limit of 



as n goes to infinity. Then we compute the trace of this last quantity as 



dx dxi dx2 ■ ■ ■ dxn G { —,x — Xi 



Gi-,x„^x] e-^^(-) 



7 -^n 



With the notation x = xq = Xn+i, we rewrite this as 

/ dxo dxi dx2 ■ ■ ■ dxn TT G ( — , a;^ — x^+i ) e~" ^'==0 ^^^''^ 

Using the convexity of x 1-^ e~^, we estimate the exponential term by: 



n-l 

tV{xk 



n ^ 

k=0 

This amounts to 
using 

/ dxo dxx dx2 ■ ■ ■ dxk-i dxk+i ■ ■ ■ dx^ TTg( -, Xj - ) = G{t, Xk-Xk) = {A-Kt)^i . 

□ 

Proof of Theorem^ The definition of the F function gives, for any 7 > and A > 0, 

= — - / e-^^f-^dt. 



r(7) A 

The operator —A + is essentially self-adjoint on L^(R'^), and positive, since V is 
nonnegativc. This implies, by the functional calculus, 

Tr ((-A + V)-^) = / Tr ( e^* i'^+^A t^-^dt . 

r(7) Jq \ I 

Using igl), since yi-f e ^^(R'*), we get 

1 /• + CXO J. 

Tr((-A + T/)-'^) < — - / / {'iTrt)-h'*^'^'=h^-^dxdt 

r(7) Jo jk'' 



(47r) 2 r(7) Jmd 

We define CH) := — j ^ and obtain the announced inequality. 

(4^)^r(7) 
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The optimality of the constant is estabhshed by the following example. Consider 
the potential = 1 in (0, ttY = C M."^, = +oo in il^. Such a potential can be 
approximated by smooth potentials VJ^ such that = 1 in il^ and lim„_+oo ^e"(^) = 
+00 for any x G fl^. The eigenvalues oi — A + on R'' are the same as the ones of 
— A + 14 on fig with zero Dirichlet boundary conditions on d^l^: 

d 

l + £^^nf, Til, 712 . . . e N* , 

so that 

ni, 712 ■■■ nd'^^* \ J? — 1 

which behaves asymptotically as e tends to zero as 




// 



E 

ni, n2 ... n^eN* nj-l<Xj<nj 
3 = 1.2, ■■■<! 



dx 1 f dx 



dr 



{2er Jo (l + r2)7 

This is precisely the right hand side of Inequality (O as can be checked using {ir/eY 
/jRd Ve^'^~'' dx and 

1.-1^^ and r^dr.^^'-'^^^^i^ 



r(i) io (1 + ^'^)" 2r(7) • 

□ 

From the above proof, it easy to see that the result of Theoremncan be generalized 
as follows. Let / be a nonnegative function on R+ such that 

m (i + r'^/^) |<oo (5) 



and define 



F{s):= r e-'^f{t)^ and G{s) := T e''^ (Ant)-'/' f{t) ^ . (6) 



Notice that if (i is even, (-47r)(''/2) ^(d/2)(^/^g(rf/2) = F{s). In the case of TheoremU) 
F(s) = s--^ and G(s) = ^'V^^ s^-^. 

(47r)2r(7) 

Theorem 3 Let V be in Ll^^lM."^) and bounded from below. Assume moreover that 
G{V) is in L^(R''). With F and G defined by if f satisfies Asssumption then 

V i^(A,(V)) =Tr[F(-A + y)] < / G{V{x))dx. 
Proof. The above inequality follows from the definition of F: 



TT[Fi-A + V)] = Tr(. 



t 
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Inequality Q and the definition of G. □ 

As an example, if we apply Theorem 13 with F{s) = e"", /(s) = 5{s — 1) and 
G(s) = (47r)-''/2e-«, we get 

In the special case V {x) = \x\'^ + B , eigenvalues are explicitly given as 



B + ^ (2 ?7,j + 1) A , ni, n2 ... naeN , 



and we can compute 

d 



On the other hand, 



e 



-{2nj+l) At 1 _ ^ 



[2 sinh(At)]^ ■ 
(8) 



e-^(-) dx 



Putting these estimates together in the case f = 1 shows that the upper bound in ((JJ), 
namely 

1 ( A y ^ E.gM>e-^'(^) 1 
(47r)'^/2 ^sinhAy /jj, e-^(^) da; " (47r)''/2 ' 

is achieved in the limit A ^ 0+. 

Identity © is also useful in the case F{s) = considered in Theorem 1. Using 
Tr((-A + V^)-'^) = ^ /+~Tr(e-*(-^+^)) V^dt, we obtain in the special case 
V{x) = |a;p + B the identity 

with s := B/^. Under the additional restriction 7 > d, we get 



Vi-^ dx^B'^-^ A^'^TT 



di r(7-(i) 



r(7-|) 



With C(7) = (^^^d/2r(^) , this shows that 

Tr((-A + y)-') s^' r°°t^-^e-' , 

3 = — : r / 7 dt q(s) . 

C(7) /k. "^"^-^ dx r(7 - d) io (sinh(st))'' 

It is easy to check that the function s 1— > q{s) bounded by 1 and achieves 1 in the limit 
s 0+. 



3 Stability for the linear Schrodinger equation 

In this section we come back to the physical motivation of Theoremsnand|21with more 
details than in the introduction and state a list of examples corresponding to various 
functions F. 
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3.1 Notations and assumptions 



Let E[i^] 
at or Hv 



Jjjj (I VV'I^ +1^ \ ijj\'^)dx and assume that is a potential such that the oper- 
— A + V has an infinite nondecreasing sequence of eigenvalues (Ai(V^))jgN* : 



\i{V):= inf sup£;[V'] 

F C L2(R<i) ^eF 

dim(i^) = i 



Here the eigenvalues are counted with multiplicity, and to each XiiV), i G N*, we can 
associate an eigenfunction ij^i such that ip := (V'i)ieN* is an orthonormal sequence: 



LH 



5,j Vz, jeN* 



As in Section^ we also define Vi := {(3') ^{—\i[V)) for any i £ N* , v> := {I'ijieN'- The 
free energy of the mixed state {u,xp) = ((^'i)ieN*, {^i)i<£N') £ x (L^(M'*))^' is 

iGN* iGN* 

for some given function /?. If the potential V is such that —A + V has an unbounded 
sequence of eigenvalues, it is easy to see that ^[i^, ip] is defined only if limi^oo Vi = 0. 
This allows us to re-order the sequence in such a way that (^'i)igN* is a non 

increasing sequence converging to 0, and we may restrict the domain of the free energy 
^ to S" X (L^(M''))^ , where S denotes the set of non increasing sequences in M.^ 
converging to 0, such that X^ieN* /3(^i) absolutely convergent. Notice that whenever 
it is finite, X^ieN* f^i^i) absolutely convergent by the assumption limi_,oo i^i = 0. 

We shall say that Assumption (H) holds if /3 is a strictly convex function with 
/3(0) = 0, which is on the interior of its support and if the potential V is such that 
—A + V has an unbounded sequence of eigenvalues (Ai(y))igN* for which 



< oo and 



< CX3 , 



where Pj := {P')~^{—Xi{V)) for any i G N*. As seen in Section ^ Assumption (H) 
is a consequence of the Lieb-Thirring type inequalities of Theorem ^ if f3{v) = —(1 — 
m)™^^?7i^™ i/™, m G (0, 1) (see below Example 2 for more details). In the framework 
of ThcorcmEl F{X) = -(3{v) ~ \v with v ^ 



3.2 Minimizers of the free energy 

Proposition 4 Assume that (3 and V are such that (H) holds. Then there exists a 
mimmizer {i>,ip) e S X (L2(]Rd))N* ofT under the constraint 

('/'i, i/'j)L2(R<i) = % V i , i G N* . 

Moreover, 

and if Di is positive for any i G N*, the sequence — {'ipi)ii£N' is unique up to any 
unitary transformation which leaves all eigenspaces o/— A + V^ invariant. In particular, 
any ipi can be multiplied by an arbitrary constant phase factor, so that we may assume 
that Ipi is real. 

To prove this result we first prove some results about finite mixed states : given any 
n G N*, we can define the projection P„ of a mixed state {v, i/j) G S* x (L^(R''))^ onto 
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the n-finite mixed states by Pn[j^, "0] := (i', '4>) with Vi = Vi for any z = 1, 2, . . . n and 
Vi = for any i>n + l. Let IFn '■= ^ ° Pn'- 

n 
i=l 

Notice indeed that /?(0) = 0, so that (3{vi) = for any i > n + 1. We may decompose 
Tn into an entropy and an energy term as follows. 

Lemma 5 Under Assumption (H), for any {h>,ip) G 5 x (L^(R''))^ such that ip = 
(Tpi)i!^^* is an orthonormal sequence, 

n n 

1=1 1=1 
Proof. An elementary computation gives 

□ 

We are now going to study independently the two terms of Tn^^ — ^n[i^, '0] and 
start with the entropy term. 

Lemma 6 Assume that infs>o P"{s) s^^p =: a > for some p € [1, 2]. Then for any 
sequence (t'i)igN* S 1^+ , */X]iGN* Pi'^i) '^'^'^ X^ieN* '^iP'i'^i) Q.re absolutely convergent, 
then [vi — t^i)igN' G P' o-nd 

^ (^l3{iy,)~f3{D,)-l3\D,){,,,^D,))>2-yPa\\,.-i>\\l-mm{\\^^^^^^ . 

iGN* 

See [5] for a continuous version of this inequality. We may also refer to |19| in the 
case of f3{h') = v log v — v and von Neumann algebras, and to |39j for a review of the 
so-called Csiszar-Kullback inequalities. For the completeness of the paper, we give a 
short proof of this result. 

Proof. For any i G N*, let Q G [niin(fi, max(;/i, Di)] be an intermediate nonnegative 
point such that 

Let I CN*. Using 



/ \ 2/p /V (2-p)/p 

E 1-^ - -^1^ cf '''-^^^^ • cr^^-^^/^ < E cf - • E cf 

we get 

Ecr(-^--o'^ Ei-'-^^n ■ Ecf • 

ieX ViGl / ViGl / 

On Z = {i e N* : Vi > Di} (respectively X = {i e N* : < P,}), we estimate X^ieiCf 
from above by X^iei '^f (resp. by X^iei )■ Using the inequality (a+6)'" < 2^~^{a^+b^) 
for any a, & > and 2/p=:r>l, we completes the proof. □ 

Next, we turn our attention to the energy term and recall a result given, for instance, 
in I2H1: 



J. Dolheault, P. Felmer, M. Loss & E. Paturel 



June 10, 2005 



Proposition 7 Let V be a potential such that the sequence of eigenvalues (Ai(y))igN» 
of Hy is unbounded, and choose any n functions ipi, . . . ^ipn that are orthonormal in 
L2(M''). Then 

n n 
i=l i=l 

We extend this property to orthogonal families: 

Lemma 8 Assume that V is a potential as above. For any orthogonal family (0i)i<i<„ 
in L'^iW^), with = Vi and vi> . . .> Vn, we get 



i=l 



4=1 



Proof. We prove this result by induction on n. The case n = 1 is trivial. Suppose 
that the result holds for any orthogonal system of n functions, and take {4>i)i<i<n+i 
with nonincreasing squared norms (or occupation numbers) vi > ■ . ■ > Vn+i > 0. If 
Vn+i = 0, then the induction assumption directly gives the result. Assume next that 
Vn+i > 0. By Proposition [7| we have 



n+l 



110. 



Multiplying by I'n+i, we obtain 

71 + 1 



n+l 



8=1 



hence 



n+l 



E ^['^'^] ^ E 



Vi 



EV 



n+l 



Y^v^UV). (9) 



Since Vi > Vn+i, wc can define the family {fJ-i 4'i)i<i<n with jii := C^' ^"^^ )^^^, which 
is orthogonal. By the induction hypothesis we get 



E 



111 Inequality lO, the first sum of the right hand side is then nonnegative. For the 
system of the n + l orthogonal functions, we obtain 



n+l 



n+l 



which completes the proof of Lemma |S1 
Proof of Proposition^ By Lemma |S1 we get 



□ 



n 



hence a minimization of J-n under the constraint ipj)L^(^Rd-j — 5ij directly gives, for 
any [u.-iP] eSx (L^iR"^))^' , 
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Assumption (H) gives the absolute convergence of the series in the definition of 
■0). Suppose now that there exists (i>, ■0) G S* x (^^(R'^))'*'' such that JF(i>,0) < 
J^(i>, ■0). This imphcs the existence of a £ N* such that 

N N 
i=l 1=1 

which contradicts the result on finite mixed states. □ 



3.3 Stability 

As a consequence of the conservation of the energy E[-] under the evolution according 
to the Schrodinger operator idt ^ Hy , we obtain the conservation of the free energy. 
Notice here that all above computations have been done with functions taking real 
values and need to be adapted to the case of complex valued functions as soon as we 
consider solutions to the timc-dcpcndcnt Schrodinger equation. 

Proposition 9 Assume (H) and consider an initial mixed state G M'^ x 

(L^(M''))^ . If {i',tp{t)) is the mixed state where each of the components evolves ac- 
cording to the linear Schrodinger equation 

i dtipj = -AV-j + V%l^j , a; e M'' , t > 

with initial data ipj for any j G N* , then 

T[iy,ip{t)]= I-[u,ip°] yt>0. 

To state a dynamical stability result, we have to impose a decay property of the sequence 
of occupation numbers as in Lemma |S| From Lemmas |51 and |S1 and Proposition |21 we 
deduce the 

Corollary 10 Consider an initial mixed state (i/jI/j") G S* x {L^{R''-)Y^ with a nonin- 
creasing sequence of occupation numbers u. Under the assumption of Lemma\^ if (H) 
is satisfied, then for any t > 0, 

2-'/Pa\W - Hi ■ min{|lI.||^-^ WPf,-'} + J] z., (^E[Mt)] - KiV)) < , 
where both terms of the left hand side are nonnegative. 

3.4 Examples 

We conclude these comments on stability results by a list of examples of various func- 
tions /3 and by the corresponding Lieb-Thirring type inequalities given by Theorem |21 
with -F(s) = (/3 o (/3')-i)(-s) + g We refer to [HIl E] for a similar dis- 

cussion in a non quantum mechanical context. 

Example 1. Let m > 1 and consider f3{i') := (m — 1)™^^7ti^™ z^™. With = 
(m - l)™-imi-™zy™-i = -A and m = we get: -(/3(i^) + Xv) ^ F{X) = (-A)'^, 
which corresponds to the setting of the standard Lieb-Thirring inequality . The case 
7 G (0,1) is formally covered by /?(;/) := —(1 — m)"^~^\m\~™ i/"^ with m G (— oo,0), 
m = again and F{s) = {—s}'', but in this case, (3 is not convex and the free energy 
cannot be defined as above. 

Example 2. As seen above, for m < 1 and := —(1 — m)™'~^m~"^ z^"*, with /3'(z^) = 
— (1 — m)™~^m}~'^ v"^~^ = —A and m = we get: F{X) ~ X~'^ , which corresponds 
to the setting of Theorem ^ 
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Example 3. If /3(z^) := i/logv — v, then = log;^ = —A. According to Theorem^ 

the corresponding inequaUty is 

This case can formaUy be seen as the hmit case m — > 1 in Examples 1 and 2. Here 
F(s) = e-^ G(s) = (47r)-'^/2e-^ 

Example 4. If f3{i^) := i/logzy + (1 - ly) log(l - i^), then /3'(z/) = log {j^) = -A and 
F(s) = log(l + e^'*). According to Theorem O the corresponding inequality is 



J2 log (l + e-^'(^)) < / G{Vix)) dx 



where G is given in terms of by 

In all the above examples we have to assume that limj;_,oo Ai(y) = +oo, except 
in Example 1 where Xi{V) < 0, limi^oo K{V) = and we adopt the convention that 
Aj(V^) = for any i > if there are only A^ negative eigenvalues. 

4 Lieb-Thirring Gagliardo-Nirenberg inequalities 

In this section, we will focus on consequences of Theorems ^ and 13 when one takes 
only partial sums, and especially when only the first eigenvalue is considered. 

4.1 Optimal constant in the Lieb-Thirring conjecture 

We begin with a remark on the connection of the best constant in the Lieb-Thirring 
conjecture and its extension for d > 1: 



C«(7):= inf ^11^ 

yeP(M^) L.ivi'^+^dx 

V <0 

with the best constant in some special Gagliardo-Nirenberg inequalities. Such a result 
has already been established in [21001 (also see [151 133L 1571 ^or earlier references). We 
give it here for completeness and in order to insist on some interesting scaling properties. 
Define the function set for the potential V by 

X-y i^V e L'<+^M.'^) : V <0,V ^0 a.e.j 
and note that by density of 'D{R'') in L''+^R'^), it holds that 

cSm ^ sup ^ifflL 



VeXy lu^y^^'dx 
y >0, Vi^Oa.e. 

By density of 2?(R'') in iJi(M^), we have 

^^^y-^ ^ Ij,.\yu\^dx + J^,V\u\^dx 

M ^ a.e. 

Let 

_ 2-f + d 
2-f + d-2 
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and consider the optimal constant Cgn(7) of the Gaghardo-Nirenberg inequahty cor- 
responding to the embedding of H^iW'-) into ^2(/m^^^ 



Cgn(7) 



inf 



It ^ a.e. 



Notice that for 7 > max(0, 1 — (i/2), 



g > 1 and 2q < 



2d 
d-2 



(10) 



Theorem 11 Let d G N*. For any 7 > max(0, 1 - f ) 



cl.T^(7) = ^^i(7) Cgn(7) 



2n 

-K2(7) 



whe 



27 



and ^2(7) = 2 + 



d V 27 + / ■ 7 

Moreover, the constant cjl^ (7) is optimal and achieved by a unique pair of functions 
{u,V), up to multiplications by a constant, scalings and translations. 

The scahng invariance can be made clear by redefining 



c['tH7) 



sup 

V ^X^ 



sup V) 



where 



R{u,V) 



V >0, V ^0 a.e. u^O a.e. 

J^^V\u\^ dx + J^,\\/u\^ dx 



1+' 



Note indeed that Ai {V) < 0, and R{u, V) is invariant under the transformation 

(u, V) ^ (ux = u{X •), Vx = AV(A •)) , 

i.e., R{ux, Vx) = R{u, V) for any A > 0. 
Proof of Theorem El By Holder's inequality, 

J^jV\\u\^ dx<A\\u\\l,,^^,^ with A:^\\V\\^,^.^^^^. 
Let T := ||u||£,2<j(Kci)/||'«||L2(K'')- The Gagliardo-Nirenberg inequality namely 
Cgn(7) IMl^-^m") < l|Vu||^2(Hd) ||w|liI(V) 



with 9 = „ , can be rewritten as 

\\yu\ 



L2(R<i) 



> 



Cgn (7) T 



Putting these estimates together, we obtain 

At^ - [Cgn (7)]' 



R{u,V) < 



14 
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An optimization on r shows the bound of Theorem II II which is independent of and 
gives the expressions of ^1(7) and K2(7). 

The estimate is achieved since all above inequalities can be saturated by considering 

|y|T+|-2y ^ |y|2 ^ y = K = = , (11) 

where u is a solution of 

Au+|up(9-i)u-u = in . 

Up to a scaling, these two equations are the Euler-Lagrange equations corresponding to 
the maximization in V and u respectively. Because of the second equation, the relation 
with the Gagliardo-Nircnberg inequality is straightforward. In other words, 

Ti(„ v\ < T^l„ V \ /r. I^P' dx - J^, |V^p dx luxl^" dx- J^.lVuxl'' dx 

^[u, V ) < U[U, Vu) — Y — T 

/m. I"P dx {J^, |«|29 dx) -' (/k, dx) -' 

where ux = X'^u{X-) and A^^"?^) = ||u||^2(-a<i'), so that ||uA||i2(-][jd) = 1, 

R{u, V) < , 

T 1 

and the result holds by optimizing in r = ||u>^||^2<J(•JJd). □ 

Remark. The optimal function in the Gaghardo-Nircnbcrg incquaUty iflO)) is given as 
the nonnegative solution of i)ll|) in H^iMf^). This solution is radial, positive, decreasing, 
and unique up to translations, multiplication by constants and scalings. See for instance 
j.'M) ' for uniqueness results of radial solutions, and references therein for earlier related 
results. Optimal function are not explicitly known in general but are easy to compute 
numerically as well as the optimal constants, see for instance [23 EiJ- 

4.2 Theorem [T] and Gagliardo-Nirenberg inequalities 

In this section, we adapt the remarks of Section ITTl to the case ^ > of Theorem ^ 
The interpolation of ||u||i2,(]jd), with 1 < q < d/ (d — 2), d > 3, between || Vu||i2(Rd) and 
l|u||L2(]i{d) of the previous section is a standard case of Gaghardo-Nirenberg inequalities, 
but there is also another interesting case in Gagliardo-Nirenberg inequalities, which 
is somewhat less standard. It corresponds to the interpolation of ||M||L2(]jd) between 
||VM||i2(Rd) and /jjd l^p' dx for some q € (0,1). See [5] for a similar setting, where 
both cases have been taken into account. What we establish in this section is that 
these less standard inequalities are related to the estimate of [Ai(y )]"''' in terms of 
J^. V^/'-^ dx. 

Consider now a nonnegative smooth potential V G C°°(R'^) such that 

lim V{x) — +00 

\x\ — >-[-oo 

and denote by Ai(V), X2{V), . . . the positive eigenvalues of —A + V. By density we 
may extend this set of potentials to the set 



{v^-'' e L^R'^) : V >0, V ^+00 a.e.} 
Let 

27 - d 

'■■=2i^^TT)-d'^'''^ 
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and define an optimal constant of a second type Gagliardo-Nirenberg inequality by 



C^gn(7) = , inf 



\m\LV 



(12) 



Theorem 12 Let d € N* . For any 7 > d/2, there exists a positive constant C^^\'-f) 
such that, for any V eY^, 

[Ai(F)]"^ <C(i)(7) / F^--^ dx . 



As in Theorem \ll\ the optimal value ofC^^'>{j) is such that 

where ^1(7) = ^^''^j^i^i^'^'^^2q'p ^ ^""^ ^^2(7) = 27. Moreover, the constant C^^\'-f) 
is achieved by a unique pair of functions {u,V), up to multiplications by a constant, 
scalings and translations. 

Notice that q < 1, and 2g > 1 if and only if 7 > 1 + d/2. The best constant in the 
above inequality is 



VeY^ Ir-'V^'^ dx 



sup 



V>0, V^O a.e. 
The scaling invariance can be made clear by writing 

C(i)(7) " = sup 

V ex^ 



sup R{u, V) 



where 



R{u,V) 



V>0, V^Oa.e. u ^ a.e. 

_L^H'dx {j^^v^-'dxY 



/k^ |Vw|2 dx + J^^V\u\2 dx 
is invariant under the transformation 



(u, V) ^ (ux = u{X •), Vx = X'ViX •)) 



i.e., R{ux, Vx) = R{u, V) for any A > 0. 
Proof of Thcorcm\12l By Holder's inequality, 



dx 



With A := -l/-9/(i-<?) dx) 



j/^iV'i ■V-'i dx < / V\u? dx 



V 1-5 dx 



1-9 



2/(27-<i) 



this means that 



V\uV dx> A 



?i dx 
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We may therefore estimate V) as follows: 



An optimization under the scaling A i-^ A '^^^u{-/X), which leaves the L^(R'')-norm 
invariant, shows that 



2rf(l-g) 



^^^^S d(i~q)+2q ~ ^ ^ Using the Gagliardo-Nirenberg inequality itT^ , we get 

l|V?i||i2(K.) +A||u|!i2(R.) > |CaN(7)|' \\u\\l,^^,^ A^-^ (ki(7))"^ 

which proves that C'^-'(7) < ^1(7) [C'qn (7)] "''^ moreover easy to check that 
the equality holds in Holder's inequality if is proportional to By taking 

a minimizer of p2|) . this completes the proof of Theorem 1 121 □ 

Remark. Notice that optimal functions are not explicitly known, unless d = 1. So- 
lutions to the Euler-Lagrange equations have compact support and minimal ones are 
radially symmetric and unique up to translations, see 0. Also see |^ for more details. 

4.3 General case 

We may try to generalize the approach used for power laws to general nonlinearities 
like the ones of Theorem 13 However, this is not as simple as when evident scaling 
properties are present. We may indeed write 



where the above supremum is taken on an appropriate space. Assuming that F is 

,(1) 

■-F 



nonincreasing, wc may characterize Cp"^ as 



C^P^ = sup 



/Rd W dx = 1 
so that the optimal value is at least formally given by 

Pff (m' + \<j>\HG')-H^\^\'))dx 

C(i) = suD ^ 

^^HH^'^) J^AGo{G')-')i-W)dx 

/k. 101' dx = 1 
where k is given in terms of by 

(C«)"' F' (|V0p + |0|2(G')-i(«;|0n) dx 
This indeed results of the optimization with respect to V, which amounts to 

At|(/>p-G"(y) = o. 
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This strategy is however easy to implement in one more case: F{s) = e ^ In 
this case, 

'/Ed(|V0|^+yi0|^) dx 



,p = sup 
The optimization with respect to V gives 

up to an additive constant such that J^a dx = J^a |0P dx ~ 1, which plays no role 
because its contribution to the numerator and to the denominator cancel. Summing up 
the inequality is therefore simply equivalent to the usual logarithmic Sobolcv inequality: 
for any (j) e H^iR"^) such that J^^ |<?ip dx = 1, 

|0P logd^n dx + log (^^^^^ < J^^ I V0P dx . 

From standard results on logarithmic Sobolev inequalities, see for instance [HI, it is 
known that optimal functions (j) are gaussian, which allows to determine the value 



of Cp 



(1). 

d 



We will see later an alternative approach which allows to state the following interpola- 
tion inequality. 

Proposition 13 Under the assumptions of Theorem\^ if F and G are related by f^) . 
if F' and G' are invertible and if we define 







(3{s):=-j {F')-'{-t)dt and H{s) -.^ j {G')-'{-t) dt 
then for any <j> g H^{M.'^), the following interpolation inequality holds: 
|V0p dx + p( f dx) > f dx . 



This result will appear as a simple consequence of Theorem 1151 where we take Ui = 
Jjjjrf dx and i^i = for any i > 2. We will see that the result holds not only in the 
framework of TheoremObut also in the case where limj^oo < oo as it is the case 

for standard Lieb-Thirring inequalities. 

4.4 Further results 

The analogue of the Lieb-Thirring conjecture does not hold in the context of Theorem^ 
i.e. for potentials such that limj^oo Ki^) ~ +oo. 

Proposition 14 With the notations of Sections^ and \4 ■ ^ for any d G N* andj > d/2, 

C«(7)<C(7). 

Moreover, if F and G satisfy the assumptions of Theorem then 

El<^<nFiMV)) 



n 1-^ sup ■ 



V lRdG{V{x))dx 
forms a strictly increasing sequence. 



C(")(7) 
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Proof. The infimum C'-^-'(7) is achieved by a function with support in a baU -6(0, R) 
for some i? > 0, and a potential y* = cut^'"'^ 2(7+1)) B{0,R) for some constant 
c > 0, and V^, = +00 outside. The sequence of eigenvalues of — A + \4 is therefore 
given by the one of —A + V^, in B{0, R) with zero Dirichlet boundary conditions on 
dB{Q, R). It is then straightforward to realize that 

iGN* 

The general case follows from similar reasons. □ 



5 Interpolation inequalities 

Assume that is a potential on R'' such that the operator —A + V has an infinite 
sequence (Ai(l/))igN* of eigenvalues. Let F and G be two functions such that the 
inequality 

V F(A,Cl/)) -Tr[F(-A + y)] < / G{Vix))dx (13) 

holds (see for instance Theorem O for sufficient conditions). Let A :— limi^ooAi(y) 
and assume that 

Spcctrum(-A + V)r\ (-00, A) = {XtiV) : ieN*} . 

Note that this includes the standard case of Licb-Thirring inequalities, which corre- 
sponds to A = when V is such that --A + V has infinitely many eigenvalues, and the 
case considered in Theorems ^ and 13 A = +00. 

Define a{s) := —F'{s) and /3(s) := — /g" a^^[t)dt. We may notice that 

A /.A 



F{s)= / a{t)dt= / {[i')-'{-t) dt . 

J s J s 

We assume that F is convex on (—00, A) and on (—00, A) whenever it takes finite 
values. This implies that P is C^, convex and we get 

F{s) — — min [/3(i^) + .s] . 
Note indeed that, at a formal level. 

Inequality can therefore be rewritten as 

Y.''^ f d^^'-l' + ^ I'/''- 1') dx+J2 f^i^^) + I G{y{x)) dx>0 

,GN- -^K" ^eN' -^K" 

for any sequence of nonnegative occupation numbers (^'i)ieN* and any sequence (V'OieN* 
of orthonormal L'^(R'^) functions. 

Let us proceed as in Section ^ and optimize on V for fixed u — = 
(V'OieN*- Assume further that G' is invertible. Let 

K[u,xl}] := ^ ly, |VV,p and p := ^ i/, , 

iSN* ieN* 

and define 

H{s) ■.= -[Go(Gr\-s) + siGT\-s)] . 
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It is straightforward to check as above that 

^(.) = -(G')-^(-.), 
as 

and write 

H{s) = / {G')-\-t)dt 

J s 

provided (G")~^ is integrable on a neighborhood of s = O4 
The optimal potential V has to satisfy 



G'{V)+p = 



so that 



V I'i / V IV'iP dx+ [ GiVix)) dx = - [ H{p{x)) dx 



Summarizing our computations, we have proved that can be rephrased as 

Theorem 15 Under the above notations and assumptions, the following inequality 
holds: 

K[u,xP] + V pii^,) > f H{p) dx (14) 

with p = X^ieN* IV'iP; where (vi)i^^* is any nonnegative sequence of occupation num- 
bers and {ipi)i^-fi* is any sequence of orthonormal L'^{W^) functions. 

Written with such a generality, the result is maybe not as striking as when it applies 
to the various examples of Section O for which all the assumptions made above can 
be verified. To keep the generality of our result, we will not try to give sufficient 
conditions on (3 and V for which all these assumptions can be established and prefer 
to state three applications corresponding for the function (3 to (3{v) = Const ■ v™" with 
m G (—00, 0) U (1, +00), = —Const ■ v"^ with m G (0, 1) and /3(i/) = z/logi^ — i^. 

Example 1. Let m > 1, which corresponds to the setting of the standard Lieb-Thirring 
inequality and consider /3{i/) := Cm t^™, c„i := (to — l)™^-'^m^"', m ~ F{s) = 
i-s)^ and G{s) = Clt(7)(-s)'^+''/^ Define 



^ ^ and K. ^ := q 



27 + rf 



Clt(7) ( 7 + ^ 



q-l 



Corollary 16 With the above notations, for any m G (1,+cxd), the following optimal 
inequality holds: 



K[u,xP]+Cm V 



: [ p'i dx . 



Using the scaling invariance, we can reformulate this result as follows. If we replace 
^i{x) by A~'^/^V'i(2;/A) and vt by A'^*-^"^/''^^, the right hand side of the above inequality 
is invariant. An optimization of the left hand side shows that 




where 6 = 2(^f-i)+d ^^'^ ^ '^^^ explicitly computed in terms of K,, d and 7. 

The case to = e (— oo,0), which corresponds to 7 G (0, 1) and fiiy) := 
Cm '■=■ —(1 — to)™~^|to|~™ is formally covered with the same constants, but does not 
enter in our framework for infinite systems (see Example 1, Section 3.4). Notice that 



Cm V 
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q varies in the range (1, 1 + |) for m > 1 and (1 + |, ^jz^) if < 0. The case 7=1, 
g = 1 + I is not covered. 

Example 2. If m G (0, 1), which corresponds to the setting of Theorem^ and I3{v) :— 
-c„zy™, Cm ■■= (1 - 7n)™-im-"S m = F(A) = A"'' and G{s) = C{j) s'^^^-'^ . 

Define 



2j-d 



2(7+ 1) -d 



e(0, 1) and ]C-^:=q 



C(7)(7-^ 



9-1 



Notice that due to the restriction 7 > d/2, the range of m is reduced to the interval 



Corollary 17 With the above notations, for any m E (^j^, !),• the following optimal 
inequality holds: 



K[u, ip]+JC j p« > c™ V vY' 



Using the scahng invariancc, we can also reformulate this result as follows. If we replace 
'il^i{x) by A~''/^'0i(x/A) but dont change Vi, the right hand side of the above inequality 
is of course invariant. An optimization of the left hand side shows that 



where 9 = 2{-^Jr\) ^^'^ ^ explicitly computed in terms of /C, d and 7. 

Example 3. If f3{v) := viogu — v, then = logz^ = -A, F{s) = and G(s) = 

(4^)-d/2g-s^ Inequality ||T3I) is a logarithmic Sobolev inequality for systems: 

Corollary 18 With the above notations, the following optimal inequality holds: 
K[u, -0] + i^i logi'i > / p\ogpdx+'^ log(47r) ( p dx . 

As above, an optimization under a scaling preserving the norm of t/j and leaving Vi 
invariant allows to write 

/■ 1 , V- , d / e K\u,ip]\ f 

/ p\ogpdx< y^u^ \ogVi + - log — — — / pdx . 

Jr" 2 \2TTd J^^pdxJ Jjg,a 



Note that we immediately recover the Gagliardo-Nirenberg inequalities of Section O 
by taking i/i ~ 1, Vi ~ for any z > 2, in case of Examples 1 and 2, but with a priori 
non optimal constants, at least in the case of Example 2. The proof of Proposition E| 
follows for the same reason. 



Remark. We notice that the limit case 7 = for d > 3 is not covered, even as a limit 
case. For Vi = 1, for i = 1, 2,. . . N, and Vi = otherwise, a Sobolev type inequality 
for orthonormal functions has been given in \27l \2(^ in the case which corresponds to 
the critical Sobolev embedding H^iR'^) ^ L2<i/(d-2) (-j^d^^ taking the occupation 
numbers Vi into account, we always achieve optimal inequalities which are related in 
a natural way to some corresponding optimal Lieb-Thirring inequalities as long as 7 
is positive. To a large extend, this improves the known results for orthonormal and 
sub-orthonormal systems J23EI^3- 
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